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A uniform exponent of approximation

Definition
For £ = (§1,.-.,8n) € R", set A(§) = sup of all A > 0 such that

Ixo| < X, |xoér —x1| < XA, L |x0€n — xp| < XA

has a solution x = (xg, X1, - - ., X,) € Z"1\ {0} for each X > 1.
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@ Dirichlet's box principle = A(§) > 1/n
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For £ = (&1,-..,8n) € R", set A(§) = sup of all A > 0 such that

Ixo| < X, |xoér —x1| < XA, L |x0€n — xp| < XA

has a solution x = (xg, X1, - - ., X,) € Z"1\ {0} for each X > 1.

e Dirichlet's box principle = A\(§) > 1/n
= AM§) > 1/(s — 1) where s = dimg(1,&1, ..., &n)o
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A uniform exponent of approximation

Definition
For £ = (&1,-..,8n) € R", set A(§) = sup of all A > 0 such that

Ixo| < X, |xoér —x1| < XA, L |x0€n — xp| < XA

has a solution x = (xg, X1, - - ., X,) € Z"1\ {0} for each X > 1.

e Dirichlet's box principle = A\(§) > 1/n
= AM§) > 1/(s — 1) where s = dimg(1,&1, ..., &n)o

M) =1/nforaa £ €R"
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A uniform exponent of approximation

Definition
For £ = (&1,-..,8n) € R", set A(§) = sup of all A > 0 such that

Ixo| < X, |xoér —x1| < XA, L |x0€n — xp| < XA

has a solution x = (xg, X1, - - ., X,) € Z"1\ {0} for each X > 1.

e Dirichlet's box principle = A\(§) > 1/n
= AM§) > 1/(s — 1) where s = dimg(1,&1, ..., &n)o

o A\({)=1/nforaa. £ €R"

e M) <1ifEgQn
= M) =1if£¢Q (case n=1)
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Let y:=(1++v5)/2=1+1/y=1618...

Theorem (Davenport and Schmidt, 1969)
Let £ € R with 1,£,€2,...,&" linearly independent over Q. Then

1/’)’20.618 ifn=2,
/\(5’527"'a£n)§/\n = 1/2 ifn=3,
1/|n/2] if n>4.

M. Laurent (2003): May take A, = 1/[n/2] if n > 3.
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Lety:=(1+V5)/2=1+1/y=1618...

Theorem (Davenport and Schmidt, 1969)
Let £ € R with 1,£,€2,...,&" linearly independent over Q. Then

1/y=0.618 ifn=2,
/\(57527"'a£n)§)\n = 1/2 ifn=3,
1/|n/2] if n>4.

M. Laurent (2003): May take A, = 1/[n/2] if n > 3.

Corollary (Davenport and Schmidt, 1969)

Let & as above and let T < 1+ (1/X\,). There are infinitely many algebraic
integers o of degree < n+ 1 such that | — | < H(a)™" where
H(a) = |[Trrz (o).

R. (2003): For n = 2, the above exponents are best possible.
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Projective setting
Definition
For== (& :&:--: &) € P(R), set A(=) = sup of all A > 0 such that

Ixl <X, A (- s Ea)ll < XA

has a solution x € Z"*1\ {0} for each X > 1.
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For== (& :&:--: &) € P(R), set A(=) = sup of all A > 0 such that

Ixl <X, A (- s Ea)ll < XA

has a solution x € Z"*1\ {0} for each X > 1.

AML:&ri-:6n) = M, 5 &n)
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Projective setting
Definition
For== (& :&:--: &) € P(R), set A(=) = sup of all A > 0 such that

Xl <X, IxA (- Ea)ll < X

has a solution x € Z"*1\ {0} for each X > 1.

‘)\(lflgn):)\(fly 76")

Definition

Let C be a closed algebraic subset of P"(IR) of dimension 1, defined over Q
and irreducible over Q. We set

o Cl:= {= € C; = has Q-linearly independent coordinates}
o \(C) :=sup{\(Z); = e Cl}, if C" £0.

y
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The case of plane conics

Theorem
For n =2 and deg(C) = 2, we have A(C) = 1/7.
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The case of plane conics

Theorem

For n =2 and deg(C) = 2, we have A(C) = 1/7.

More precisely, let ¢ € Q[xo, x1, x2] be homogeneous of degree 2. Suppose
that ¢ is irreducible over Q and that the set C of zeros of ¢ in P?(R) is
infinite. Then:

(a) MZ) < 1/ for any = € CY,

(b) {= €C%; \(Z) = 1/4} is countably infinite.
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The case of plane conics

Theorem

For n =2 and deg(C) = 2, we have A(C) = 1/7.
More precisely, let ¢ € Q[xo, x1, x2] be homogeneous of degree 2. Suppose

that ¢ is irreducible over Q and that the set C of zeros of ¢ in P2(R) is
infinite. Then:

(a) MZ) < 1/ for any = € CY,
(b) {= €C%; \(Z) = 1/4} is countably infinite.

Example 1: Let ¢ = xgx2 — xZ, then

C'={(1:€:€): ¢eR, [Q): Q] >2},
and we recover

(a): Davenport and Schmidt (1969)
(b): R. (2003)
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Example 2: Let ¢ = 2x3 — x2. Then,
C={(1:4v2:¢);¢cR}U{(0:0:1)}
and A\(C) =1/7.

Damien Roy (U. of Ottawa) Rational approximation on conics



Example 2: Let ¢ = 2x§ — x2. Then,
C={(1:+v2:€); €€ R}U{(0:0: 1)}
and A(C) = 1/~. More precisely:
o Let £ € R\ Q(+/2). There exists ¢ = ¢1(£) > 0 such that
() x| <X, [x0v2—x1| < XY, |x0€ — xp| < X7V,

has no solution (xg, x1,x2) € Z3\ {0} for arbitrarily large X.
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Example 2: Let ¢ = 2x§ — x2. Then,
C={(1:£V2:€); €€ R}U{(0:0: 1)}
and A(C) = 1/~. More precisely:
o Let £ € R\ Q(+/2). There exists ¢ = ¢1(£) > 0 such that
(*)  |x0| <X, [x0V2 —x1| < XY, |x0€ — x| < XY,

has no solution (xg, x1,x2) € Z3\ {0} for arbitrarily large X.

o There exists ¢ € R\ Q(v/2) and ¢ = c3(£) > 0 such that (x) has a
solution for each X > 1.
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A particular cubic

Theorem (with S. Lozier)
For any € € R such that 1,£,£3 are linearly independent over Q, we have

A(1:§:§3)§2(92—g/1_1)=0.7038...

i.e. the cubic C : x¢xo — x3 =0 in P?(R) has A(C) < 0.7038....
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A particular cubic

Theorem (with S. Lozier)

For any € € R such that 1,£,£3 are linearly independent over Q, we have

A(1:§:§3)§2(9§—5\/_11):0.7038...

i.e. the cubic C : x¢xo — x3 =0 in P?(R) has A(C) < 0.7038....

Problem: For a number field K of degree n over QQ, determine
sup{A(w1 :- - 1wp:&); E€R\ K},

where (w1, ...,wp) is a basis of K over Q.
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The sequence of minimal points

Let 1,&, 17 € R be linearly independent over Q. Put
== (17 57 77)

For each x = (xg, x1,x2) € Z3, define

x|l = 0‘21.52(2 Ixil, L(x) = max{|[x& — x1|, |xon — x2|} = [|x — x0=]||.
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The sequence of minimal points

Let 1,&, 17 € R be linearly independent over Q. Put

== (17 57 77)
For each x = (xg, x1,x2) € Z3, define
[[x[| = Ofgl.agz Ixil,  L(x) = max{[x§ — x1|, [xon — x2[} = [|x — x0Z].
There exist x1, X2, X3, ...in Z3 (called minimal points) such that

Xi = ||x;]| and L;:= L(x;)

satisfy
e X1 < Xo < X3<n,
o l1>lr>1l3>---,
o if x € Z3\ {0} has L(x) < L;, then ||x|| > Xi11.
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Facts

o For each i > 1, the subspace W; := (x;,x;+1)r has dimension 2,
{x;,x;11} is a basis of W; N Z?, and

H(W;) = [Ixit1 A xil| < XiaL.
o Wi_1 # W, for infinitely many i > 2,
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Facts

o For each i > 1, the subspace W; := (x;,x;+1)r has dimension 2,
{x;,x;11} is a basis of W; N Z?, and

H(W;) = [Ixit1 A xil| < XiaL.
o Wi_1 # W, for infinitely many i > 2,

Let I = {i > 2; Wj_1 # W;}. For consecutive i < j in |, we have
Wi # W= = W1 # W,

Then X; < H(W; N W;) < H(W;)H(W;) and so

X; < (Xig1Li)(XjaLj) -
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Main hypothesis

Suppose that, for some fixed A\ > 1/2, the conditions
x| <X and L(x)<X?

have a solution x € Z3\ {0} for each X > 1.

= |LiK Xif:i for each i > 1.

In particular, for consecutive i < j in I, we have

1-Ayl-A
Xj < Xl Xjid

= Xj)‘ < XJ-1+_1>‘ since Xj11 < Xj.
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The case of conics

Suppose that ¢(1,£,1) = 0 with ¢ € Q[x],.

o p(x;)#O0foralli>1
= 1< Jp(x)| < XiLi < XiX )
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The case of conics

Suppose that ¢(1,£,1) = 0 with ¢ € Q[x]». J

o p(x;)#O0foralli>1
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The case of conics

Suppose that ¢(1,£,1) = 0 with ¢ € Q[x]». J

o p(x;)#O0foralli>1

= 1< |o(x)| < XL <« X"Xi:-)i = A<
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The case of conics

Suppose that ¢(1,£,1) = 0 with ¢ € Q[x]». J

o p(x;)#O0foralli>1
= 1< |o(x)| < XL <« XiX’-:_)i = A<

2=

eicl = X <X

Suppose from now on that A =1/~. J

= X;=<Xi31=<X and L=< X' forany consecutive i < jin /.
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The case of conics

Suppose that ¢(1,£,1) = 0 with ¢ € Q[x]». ]

o p(x;)#O0foralli>1
= 1< |o(x)| < XL <« XiX’-:_)i = A<

2=

eicl = X <X 3

Suppose from now on that A =1/~. J

= X;=<Xi31=<X and L=< X' forany consecutive i < jin /.
= (xi)ier = (X1,%2,%3,...) has

%5l = 137, L(%e) =< (1%l

|g0()~(,')’ =1, ’det(ii,if+1,ii+2)‘ = 1.
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A recurrence relation

1
Write p(x) = =®(x,x) with ® symmetric bilinear.

o(px + qy) = p*p(x) + pg®(x,y) + ¢°o(y)
So, ¥(x,y) = b(x,y)x — ¢(x)y has

P(1(x,y)) = e(x)%e(y)
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A recurrence relation

1
Write p(x) = =®(x,x) with ® symmetric bilinear.

o(px + qy) = p*p(x) + pg®(x,y) + ¢°o(y)
So, ¥(x,y) = b(x,y)x — ¢(x)y has

P(1(x,y)) = e(x)%e(y)

We find that:
[ (Xi, K1) || < [[%i—2]|

1
L(¥(Xi, %ir1)) < TRal
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A recurrence relation

1
Write p(x) = =®(x,x) with ® symmetric bilinear.

o(px + qy) = p*p(x) + pg®(x,y) + ¢°o(y)
So, ¥(x,y) = b(x,y)x — ¢(x)y has

P(1(x,y)) = e(x)%e(y)

We find that:

[ (%, Xi1)l| < [|%i—2]|
1 = ,(b(iia )’Ei—l—l) X i,’_z

L(¥(Xi, %ir1)) < TRal
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A recurrence relation

1
Write p(x) = =®(x,x) with ® symmetric bilinear.

o(px + qy) = p*p(x) + pg®(x,y) + ¢°o(y)
So, ¥(x,y) = b(x,y)x — ¢(x)y has

P(1(x,y)) = e(x)%e(y)

We find that:

[ (%, Xi1)l| < [|%i—2]|
1 = P(X;, Xjp1) < X2

L(¥(Xi, %ir1)) < TRal

= | P(Xj, Xi—2) o< Xjp1
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Case of the cubic C: x3x —x =0
Suppose that (1,¢,1) € C i.e. that n = £3. Put
(%) = xgx2 = xi -

Proposition
Suppose that A > 2/3. Then, for each i > 1, we have p(x;) # 0 and so

1< Jo(x;)| < XPLi < XPX23 -

Corollary. \ < /3 —120.732 J
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Case of the cubic C: x3x —x =0

Suppose that (1,£,7) € C i.e. that n = &3, Put
p(x) = xgx2 — 7 -

Proposition
Suppose that A > 2/3. Then, for each i > 1, we have p(x;) # 0 and so

1< Jo(x;)| < XPLi < XPX23 -

Corollary. \ < /3 —120.732 J

Problem:

Find polynomial relations between x; and x; for consecutive i < j in /
without resorting to intermediate points, even when X;/ X1 is large.
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A subring of Q[x, y]

1
Write ¢(x) = §¢(x,x,x) with ® tri-linear symmetric.
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A subring of Q[x, y]

1
Write ¢(x) = §¢(x,x,x) with ® tri-linear symmetric. Put

S=p(x), T=0xxy), U=0(xyy) V=¢ly) |
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A subring of Q[x, y]

1
Write p(x) = §<D(x,x,x) with ® tri-linear symmetric. Put

S=p(x), T=0xxy), U=0(xyy) V=¢) |

e Then Q[S, T, U, V] C Qx,y] is a polynomial ring in 4 variables.
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A subring of Q[x, y]

1
Write p(x) = §<D(x,x,x) with ® tri-linear symmetric. Put

S=p(x), T=0(xxy), U=o(xyy). V=9oy) |

e Then Q[S, T, U, V] C Qx,y] is a polynomial ring in 4 variables.
o P(x,y):= Tx—2Sy has ¢()(x,y)) = STF — 853V where

F:=T?— 45U € Q[x,y](4.)-
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A subring of Q[x, y]

1
Write p(x) = §<D(x,x,x) with ® tri-linear symmetric. Put

S=p(x), T=0(xxy), U=o(xyy). V=9oy) |

e Then Q[S, T, U, V] C Qx,y] is a polynomial ring in 4 variables.
o P(x,y):= Tx—2Sy has ¢()(x,y)) = STF — 853V where

F:=T?— 45U € Q[x,y](4.)-

@ For consecutive i < j in I, define

5,' = QO(X,'), T,' = CD(X,',X,',XJ'), ey V, = QD(XJ'), F,' = Tiz — 45,'U,'
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@ For consecutive i < j in [, define

5,' = gO(X,'), T,‘ = q)(X;,X;,XJ'), ey V, = QO(XJ'), F,' = T,-2 — 45,'U,'.

Proposition

Suppose that A\ > (5 —1/13)/2 = 0.697, then for each i € | with F; # 0,
we have

1< |F| < XPLE < XPXZH

Corollary
If F; # 0 for infinitely many i € I, then A\ < 5/7 = 0.714.
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A graded subring

R:=EDR; where Ry =Q[S, T,U,VINQIx,yl@2e)
>0

- @ Q[x, ¥l(2e,0)

>0
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A graded subring

R:=EDR; where Ry =Q[S, T,U,VINQIx,yl@2e)
>0

- @ Q[x, ¥l(2e,0)

>0

Proposition
e T €¢Ry1, FeRy, 52V€'R3
e R=Q|T,F,S?V]

2

o dimg Ry =7(£) :=#{(m,n) € N?; 2m+3n < ¢} = %
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A valuation
For any bihomogeneous polynomial P(x,y) € Q[x,y], define

v(P) := largest integer k > 0 such that g*|P(x,x + qy) in Q[x,y, q]

= largest integer k > 0 such that g*|P(x, px + qy) in Q[x,y, p, q]
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A valuation
For any bihomogeneous polynomial P(x,y) € Q[x,y], define

v(P) := largest integer k > 0 such that g*|P(x,x + qy) in Q[x,y, q]
— largest integer k > 0 such that g*|P(x, px + qy) in Q[x,y, p, q]

Application: For consecutive i < j in [, write
Xj = pix; + gixjv1  with p;,q; € Z.
o gcd(pi,gi) =1, |qil < Xj/Xit1
o If P(x,y) € Ry has v(P) = k, then

P(xi,x;) = P(xi, pixi + qiXi+1) = qkP(x;, xi+1, Pis Gi)

X' k
= P(xi,x;)) =0 or |P(x;,x)|> |qi* =< (—J> .
Xit1
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The ideals J(K)

Define p: Qlx,y] — Qlx,y, q].
P(x,y) — P(x.x+ qy)

Then p(S)=w(x)=S, p(T)=d(x,x,x+qy) =3S+qT, ...
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The ideals J(K)

Define p: Qlx,y] — Qlx,y, q].
P(x,y) — P(x.x+ qy)

Then p(S)=w(x)=S, p(T)=d(x,x,x+qy) =3S+qT, ...
and so A:= T2 —35U € Ry and B := T3 — 3TA — 2752V € Rj3 satisfy

p(A) = ¢°A and p(B)=q’B.
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The ideals J(K)

Define p: Qfx,y] — Qlx.y. .
P(x.y) — P(x.x + qy)

Then p(S)=w(x)=S, p(T)=d(x,x,x+qy) =3S+qT, ...
and so A:= T2 —35U € Ry and B := T3 — 3TA — 2752V € Rj3 satisfy
p(A) = ¢°A and p(B)=q’B.

Proposition
e R=QI[T,A, B]

v
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The ideals J(K)

Define p: Qfx,y] — Qlx.y. .
P(x.y) — P(x.x + qy)

Then p(S)=w(x)=S, p(T)=d(x,x,x+qy) =3S+qT, ...
and so A:= T2 —35U € Ry and B := T3 — 3TA — 2752V € Rj3 satisfy
p(A) = ¢°A and p(B)=q’B.

Proposition
e R=QI[T,A, B]

o J® = P{P € R¢; v(P) > k} is an ideal of R,
£>0

v
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The ideals J(K)

Define p: Qfx,y] — Qlx,y, q].
P(x,y) — P(x,x + qy)

Then p(S)=¢(x)=S, p(T)=d(x,x,x+qy)=35+4qT, ...

andso A:= T2 —35U € Ry and B := T3 — 3TA — 275V € Rj3 satisfy

p(A) = ¢°A and p(B)=q’B.

Proposition
o R =Q[T,A, B
o JK .— @{P € Ry; v(P) > k} is an ideal of R,
>0
_ ( Ry ) T(k—1) ifk </,
o d|m@ o~ (k) = .
Re N JK) 7(¢) if k> (.
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Corollary

Suppose A > (14 3+/5)/11 = 0.7007. Then there exists an integer d > 1
and P € Ry \ {0} such that P(x;,x;) = 0 for infinitely many pairs of
consecutive elements i < j in .
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Corollary

Suppose A > (14 3+/5)/11 = 0.7007. Then there exists an integer d > 1
and P € Ry \ {0} such that P(x;,x;) = 0 for infinitely many pairs of
consecutive elements i < j in .

Specific polynomials
FeRynJO,
D® = F3 4+ 27(5%2V)2 € Rg N JP),
DB .= F3 —18TF(5%V) — 135(5%V)? € R N J©®)

DO .—...c Rgn JO.
If A > 0.6985, then F;, D'?), D) D®) £ 0 for each large enough i € /.
2(9 + 11
(..) = A< (J;—S\/_)go.m%
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Example: non-vanishing of F;

A=T2_3SU ¢ RonN J2 = q2|A(X,pX + QY) in Z[x,y, P, Q],

= ql2|A’ = A(x;,xj) in Z.
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Example: non-vanishing of F;

A=T2_3SU ¢ RonN J2 = q2|A(X,pX + QY) in Z[x,y, P, Q],

Suppose that F; = T,-2 —45;U; =0 with i € I. Then
2
Ai=— = qIT} = |qTiinZ)|.
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Example: non-vanishing of F;

A=T2_3SU ¢ RonN J2 = q2|A(X,pX + QY) in Z[x,y, P, q]a

Suppose that F; = T,-2 —45;U; =0 with i € I. Then
2

T: X
A,‘ = TI = q,-2|T,~2 = q,-|T,- in7Z.

But T; = ®(x;, i, pixj + gixi+1) = 3piS; mod g;
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Example: non-vanishing of F;

A=T2_3SU ¢ RonN J2 = q2|A(X,pX + QY) in Z[x,y, P, q]a

= q,-2|A,- = A(xi, %)) i

Suppose that F; = T,-2 —45;U; =0 with i € I. Then
2

n 7Z.

T
Ai=— = g7 = |@lTiinZ|

4

But T; = ®(x;, i, pixj + gixi+1) = 3piS; mod g;
= qi|3piSi
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Example: non-vanishing of F;

A=T2_3SU ¢ RonN J2 = q2|A(X,pX + QY) in Z[x,y, P, q]a

Suppose that F; = T,-2 —45;U; =0 with i € I. Then
2

T: X
A,‘ = TI = q,-2|T,~2 = q,-|T,- in7Z.

But T; = ®(x;, i, pixj + gixi+1) = 3piS; mod g;

= qi|3piSi
= qi|3S; since ged(pi,qi) =1
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Example: non-vanishing of F;

A=T?-35UecR,NJ® = q°|A(x, px + qy) in Z[x,y, p, q],
= q,-2|A,- = A(xj,%;j) in Z.
Suppose that F; = T,-2 —4S;U; =0 with i € /. Then

Ti2 2 2 .
A;:T = q,-|T,~ = q,-|T,- in7Z.
But T; = ®(x;, i, pixj + gixi+1) = 3piS; mod g;
= qi|3piSi
= qi|3S; since ged(pi,qi) =1
Xi

= < |5;

Xit1 15i
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Example: non-vanishing of F;

A=T2_3SU ¢ RonN J2 = q2|A(X,pX + CIY) in Z[x,y, P, q]a

= q,-2|A,- = A(xj,%;j) in Z.
Suppose that F; = T,-2 —45;U; =0 with i € I. Then

T? 2,72 :
Ai:T = qi|Ti = QI|Ti in Z|.
But T; = ®(x;, i, pixj + gixi+1) = 3piS; mod g;
= qi|3piSi
= qi|3S; since ged(pi,qi) =1
Xj

= < |5

Xit1 5

5—-+13 . .

= A< — 2 0.697 if this happens for infinitely many / € /
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