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A uniform exponent of approximation

Definition

For ξ = (ξ1, . . . , ξn) ∈ Rn, set λ(ξ) = sup of all λ ≥ 0 such that

|x0| ≤ X , |x0ξ1 − x1| ≤ X−λ, . . . , |x0ξn − xn| ≤ X−λ

has a solution x = (x0, x1, . . . , xn) ∈ Zn+1 \ {0} for each X � 1.

Dirichlet’s box principle ⇒ λ(ξ) ≥ 1/n

⇒ λ(ξ) ≥ 1/(s − 1) where s = dimQ〈1, ξ1, . . . , ξn〉Q
λ(ξ) = 1/n for a.a. ξ ∈ Rn

λ(ξ) ≤ 1 if ξ /∈ Qn

⇒ λ(ξ) = 1 if ξ /∈ Q (case n = 1)
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Let γ := (1 +
√

5)/2 = 1 + 1/γ = 1.618 . . .

Theorem (Davenport and Schmidt, 1969)

Let ξ ∈ R with 1, ξ, ξ2, . . . , ξn linearly independent over Q. Then

λ(ξ, ξ2, . . . , ξn) ≤ λn :=


1/γ ∼= 0.618 if n = 2,

1/2 if n = 3,

1/bn/2c if n ≥ 4.

M. Laurent (2003): May take λn = 1/dn/2e if n ≥ 3.

Corollary (Davenport and Schmidt, 1969)

Let ξ as above and let τ < 1 + (1/λn). There are infinitely many algebraic
integers α of degree ≤ n + 1 such that |ξ − α| ≤ H(α)−τ where
H(α) = ‖IrrZ(α)‖.

R. (2003): For n = 2, the above exponents are best possible.
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Projective setting

Definition

For Ξ = (ξ0 : ξ1 : · · · : ξn) ∈ Pn(R), set λ(Ξ) = sup of all λ ≥ 0 such that

‖x‖ ≤ X , ‖x ∧ (ξ0, . . . , ξn)‖ ≤ X−λ

has a solution x ∈ Zn+1 \ {0} for each X � 1.

λ(1 : ξ1 : · · · : ξn) = λ(ξ1, · · · , ξn)

Definition

Let C be a closed algebraic subset of Pn(R) of dimension 1, defined over Q
and irreducible over Q. We set

Cli := {Ξ ∈ C ; Ξ has Q-linearly independent coordinates}
λ(C) := sup{λ(Ξ) ; Ξ ∈ Cli}, if Cli 6= ∅.
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The case of plane conics

Theorem

For n = 2 and deg(C) = 2, we have λ(C) = 1/γ.

More precisely, let ϕ ∈ Q[x0, x1, x2] be homogeneous of degree 2. Suppose
that ϕ is irreducible over Q and that the set C of zeros of ϕ in P2(R) is
infinite. Then:

(a) λ(Ξ) ≤ 1/γ for any Ξ ∈ Cli,
(b) {Ξ ∈ Cli ; λ(Ξ) = 1/γ} is countably infinite.

Example 1: Let ϕ = x0x2 − x2
1 , then

Cli = {(1 : ξ : ξ2) ; ξ ∈ R, [Q(ξ) : Q] > 2},

and we recover

(a): Davenport and Schmidt (1969)

(b): R. (2003)
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Example 2: Let ϕ = 2x2
0 − x2

1 . Then,

C = {(1 : ±
√

2 : ξ) ; ξ ∈ R} ∪ {(0 : 0 : 1)}

and λ(C) = 1/γ.

More precisely:

Let ξ ∈ R \Q(
√

2). There exists c = c1(ξ) > 0 such that

(∗) |x0| ≤ X , |x0
√

2− x1| ≤ cX−1/γ , |x0ξ − x2| ≤ cX−1/γ ,

has no solution (x0, x1, x2) ∈ Z3 \ {0} for arbitrarily large X .

There exists ξ ∈ R \Q(
√

2) and c = c2(ξ) > 0 such that (∗) has a
solution for each X ≥ 1.
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A particular cubic

Theorem (with S. Lozier)

For any ξ ∈ R such that 1, ξ, ξ3 are linearly independent over Q, we have

λ(1 : ξ : ξ3) ≤ 2(9 +
√

11)

35
= 0.7038 . . .

i.e. the cubic C : x2
0x2 − x3

1 = 0 in P2(R) has λ(C) ≤ 0.7038 . . . .

Problem: For a number field K of degree n over Q, determine

sup{λ(ω1 : · · · : ωn : ξ) ; ξ ∈ R \ K},

where (ω1, . . . , ωn) is a basis of K over Q.
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The sequence of minimal points

Let 1, ξ, η ∈ R be linearly independent over Q. Put

Ξ = (1, ξ, η).

For each x = (x0, x1, x2) ∈ Z3, define

‖x‖ = max
0≤i≤2

|xi |, L(x) = max{|x0ξ − x1|, |x0η − x2|} = ‖x− x0Ξ‖.

There exist x1, x2, x3, . . . in Z3 (called minimal points) such that

Xi := ‖xi‖ and Li := L(xi )

satisfy

X1 < X2 < X3 < · · · ,
L1 > L2 > L3 > · · · ,
if x ∈ Z3 \ {0} has L(x) < Li , then ‖x‖ ≥ Xi+1.
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Facts

For each i ≥ 1, the subspace Wi := 〈xi , xi+1〉R has dimension 2,
{xi , xi+1} is a basis of Wi ∩ Z2, and

H(Wi ) = ‖xi+1 ∧ xi‖ � Xi+1Li .

Wi−1 6= Wi for infinitely many i ≥ 2,

Let I = {i ≥ 2 ; Wi−1 6= Wi}. For consecutive i < j in I , we have

Wi−1 6= Wi = · · · = Wj−1 6= Wj .

Then Xj � H(Wi ∩Wj)� H(Wi )H(Wj) and so

Xj � (Xi+1Li )(Xj+1Lj) .
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Main hypothesis

Suppose that, for some fixed λ > 1/2, the conditions

‖x‖ ≤ X and L(x) ≤ X−λ

have a solution x ∈ Z3 \ {0} for each X � 1.

=⇒ Li � X−λi+1 for each i ≥ 1.

In particular, for consecutive i < j in I , we have

Xj � X 1−λ
i+1 X 1−λ

j+1

=⇒ Xλ
j � X 1−λ

j+1 since Xi+1 ≤ Xj .
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The case of conics

Suppose that ϕ(1, ξ, η) = 0 with ϕ ∈ Q[x]2.

• ϕ(xi ) 6= 0 for all i � 1

⇒ 1� |ϕ(xi )| � XiLi � XiX
−λ
i+1

• i ∈ I ⇒ Xλ
i � X 1−λ

i+1

 ⇒ λ ≤ 1

γ

Suppose from now on that λ = 1/γ.

⇒ Xj � Xi+1 � X γ
i and Li � X−1i for any consecutive i < j in I .

⇒ (xi )i∈I = (x̃1, x̃2, x̃3, . . . ) has

‖x̃i+1‖ � ‖x̃i‖γ , L(x̃i ) � ‖x̃i‖−1,
|ϕ(x̃i )| � 1, | det(x̃i , x̃i+1, x̃i+2)| � 1.
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A recurrence relation

Write ϕ(x) =
1

2
Φ(x, x) with Φ symmetric bilinear.

ϕ(px + qy) = p2ϕ(x) + pqΦ(x, y) + q2ϕ(y)

So, ψ(x, y) := Φ(x, y)x− ϕ(x)y has

ϕ(ψ(x, y)) = ϕ(x)2ϕ(y)

We find that:

‖ψ(x̃i , x̃i+1)‖ � ‖x̃i−2‖

L(ψ(x̃i , x̃i+1))� 1

‖x̃i−2‖

 ⇒ ψ(x̃i , x̃i+1) ∝ x̃i−2

⇒ ψ(x̃i , x̃i−2) ∝ x̃i+1
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ϕ(px + qy) = p2ϕ(x) + pqΦ(x, y) + q2ϕ(y)

So, ψ(x, y) := Φ(x, y)x− ϕ(x)y has

ϕ(ψ(x, y)) = ϕ(x)2ϕ(y)

We find that:

‖ψ(x̃i , x̃i+1)‖ � ‖x̃i−2‖

L(ψ(x̃i , x̃i+1))� 1

‖x̃i−2‖
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Case of the cubic C : x2
0x2 − x3

1 = 0

Suppose that (1, ξ, η) ∈ C i.e. that η = ξ3. Put

ϕ(x) = x2
0x2 − x3

1 .

Proposition

Suppose that λ > 2/3. Then, for each i � 1, we have ϕ(xi ) 6= 0 and so

1� |ϕ(xi )| � X 2
i Li � X 2

i X−λi+1 .

Corollary. λ ≤
√

3− 1 ∼= 0.732

Problem:

Find polynomial relations between xi and xj for consecutive i < j in I
without resorting to intermediate points, even when Xj/Xi+1 is large.
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A subring of Q[x, y]

Write ϕ(x) =
1

3
Φ(x, x, x) with Φ tri-linear symmetric.

Put

S = ϕ(x), T = Φ(x, x, y), U = Φ(x, y, y), V = ϕ(y)

Then Q[S ,T ,U,V ] ⊆ Q[x, y] is a polynomial ring in 4 variables.

ψ(x, y) := T x− 2Sy has ϕ(ψ(x, y)) = STF − 8S3V where

F := T 2 − 4SU ∈ Q[x, y](4,2).

For consecutive i < j in I , define

Si = ϕ(xi ), Ti = Φ(xi , xi , xj), . . . ,Vi = ϕ(xj), Fi = T 2
i − 4SiUi .
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For consecutive i < j in I , define

Si = ϕ(xi ), Ti = Φ(xi , xi , xj), . . . ,Vi = ϕ(xj), Fi = T 2
i − 4SiUi .

Proposition

Suppose that λ > (5−
√

13)/2 ∼= 0.697, then for each i ∈ I with Fi 6= 0,
we have

1 ≤ |Fi | � X 2
j L4

i � X 2
j X−4λi+1

Corollary

If Fi 6= 0 for infinitely many i ∈ I , then λ ≤ 5/7 ∼= 0.714.
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A graded subring

R :=
⊕
`≥0
R` where R` = Q[S ,T ,U,V ] ∩Q[x, y](2`,`)

⊆
⊕
`≥0

Q[x, y](2`,`)

Proposition

T ∈ R1, F ∈ R2, S2V ∈ R3

R = Q[T ,F ,S2V ]

dimQR` = τ(`) := #{(m, n) ∈ N2 ; 2m + 3n ≤ `} � `2

12
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A valuation
For any bihomogeneous polynomial P(x, y) ∈ Q[x, y], define

v(P) := largest integer k ≥ 0 such that qk |P(x, x + qy) in Q[x, y, q]

= largest integer k ≥ 0 such that qk |P(x, px + qy) in Q[x, y, p, q]

Application: For consecutive i < j in I , write

xj = pixi + qixi+1 with pi , qi ∈ Z.

gcd(pi , qi ) = 1, |qi | � Xj/Xi+1

If P(x, y) ∈ R` has v(P) = k , then

P(xi , xj) = P(xi , pixi + qixi+1) = qk
i P̃(xi , xi+1, pi , qi )

=⇒ P(xi , xj) = 0 or |P(xi , xj)| � |qi |k �
(

Xj

Xi+1

)k

.
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The ideals J (k)

Define ρ : Q[x, y] −→ Q[x, y, q].
P(x, y) 7−→ P(x, x + qy)

Then ρ(S) = ϕ(x) = S , ρ(T ) = Φ(x, x, x + qy) = 3S + qT , . . .

and so A := T 2 − 3SU ∈ R2 and B := T 3 − 3TA− 27S2V ∈ R3 satisfy

ρ(A) = q2A and ρ(B) = q3B.

Proposition

R = Q[T ,A,B]

J(k) :=
⊕
`≥0
{P ∈ R` ; v(P) ≥ k} is an ideal of R,

dimQ

(
R`

R` ∩ J(k)

)
=

{
τ(k − 1) if k ≤ `,
τ(`) if k > `.
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Corollary

Suppose λ > (1 + 3
√

5)/11 ∼= 0.7007. Then there exists an integer d ≥ 1
and P ∈ Rd \ {0} such that P(xi , xj) = 0 for infinitely many pairs of
consecutive elements i < j in I .

Specific polynomials

F ∈ R2 ∩ J(0),

D(2) := F 3 + 27(S2V )2 ∈ R6 ∩ J(2),

D(3) := F 3 − 18TF (S2V )− 135(S2V )2 ∈ R6 ∩ J(3)

D(6) := · · · ∈ R9 ∩ J(6).

If λ > 0.6985, then Fi ,D
(2)
i ,D

(3)
i ,D

(6)
i 6= 0 for each large enough i ∈ I .

(. . . ) ⇒ λ ≤ 2(9 +
√

11)

35
∼= 0.7038
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Example: non-vanishing of Fi

A = T 2 − 3SU ∈ R2 ∩ J(2) ⇒ q2|A(x, px + qy) in Z[x, y, p, q],

⇒ q2
i |Ai := A(xi , xj) in Z.

Suppose that Fi = T 2
i − 4SiUi = 0 with i ∈ I . Then

Ai =
T 2
i

4
⇒ q2

i |T 2
i ⇒ qi |Ti in Z .

But Ti = Φ(xi , xi , pixi + qixi+1) ≡ 3piSi mod qi

⇒ qi |3piSi

⇒ qi |3Si since gcd(pi , qi ) = 1

⇒
Xj

Xi+1
� |Si |

⇒ λ ≤ 5−
√

13

2
∼= 0.697 if this happens for infinitely many i ∈ I
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