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. Preliminaries
@ R" is an Euclidean space for the scalar product given by
X'y:X1y1+"'+Xn)/n

for each x = (x1,...,x,) and y = (y1,...,¥n) in R".
The canonical basis

e; =(1,0,...,0), ..., e,=(0,...,0,1)

is orthonormal.



: Preliminaries

@ R" is an Euclidean space for the scalar product given by
X.y:x1y1_|_..._|_xnyn

for each x = (x1,...,x,) and y = (y1,...,¥n) in R".
The canonical basis

e; =(1,0,...,0),...,e,=(0,...,0,1)
is orthonormal.
° /\k R™ is naturally an Euclidean space for each k =1,...,n, the

products
e, N---Aej (1§i1<--'<ik§n)

forming an orthonormal basis.

et enote the lattice spanne these products.
Let AXZ" d he latti d by th d



Geometry of numbers (Minkowski, 1889)

Let C be a convex body in R”
(i.e. a compact convex neighborhood C of 0 s.t. C = —C).

For i=1,...,n, the i-th minimum of C, denoted \; = \;(C), is the
smallest A > 0 such that AC contains at least / linearly independent
elements of Z".
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Geometry of numbers (Minkowski, 1889)

Let C be a convex body in R”
(i.e. a compact convex neighborhood C of 0 s.t. C = —C).

For i=1,...,n, the i-th minimum of C, denoted \; = \;(C), is the
smallest A > 0 such that AC contains at least / linearly independent
elements of Z".
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@ there exist x1,...,X, € Z", linearly independent, such that
xi € \iC (1<i<n).

Theorem (Minkowski's second convex body theorem)

2n
TS M Agvol(€) <27




Compound convex bodies (Mahler, 1955)

Fork=1,...,nand i=1,....,N=(]), let
e CK) = convex hull of the products xq A - - - A X with xq,...,xx € C.

° )\Ek) = the i-th minimum of C(k) with respect to the lattice /\k 7"
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Fork=1,...,nand i=1,....,N=(]), let

e CK) = convex hull of the products xq A - - - A X, with xq,

.., X, €C.
o)\gk)

= the i-th minimum of C() with respect to the lattice A Z".
Theorem (Mahler)
Fori=1,...,N, we have

)\Sk) = the i-th largest product \; --- \j, with1 < <--- <, < n.
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Fork=1,...,nand i=1,....,N=(]), let
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convex hull of the products x; A -+ A xg with x1,...,x, € C.
° )\Ek) =

the i-th minimum of C(K) with respect to the lattice A Z".

Theorem (Mahler)
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Compound convex bodies (Mahler, 1955)

Fork=1,...,nandi=1,....,N= ("), let

e CK) = convex hull of the products xq A - - - A X with xq,...,xx € C.

° )\Ek) = the i-th minimum of C(¥) with respect to the

Theorem (Mahler)

Fori=1,...,N, we have
)\Sk) = the i-th largest product A --- \j, with1 < i1 <

In particular,
[ )\gk) X)\l'--Ak,
) )\gk) = A1 )\k—l/\k-i—l (Ifk < n).

lattice A¥ Z".

e < < n.

In practice, we use an approximation C(¥) of the k-th compound of C.




Schmidt and Summerer theory (2009, 2013)

Let u € R” with Euclidean norm |ju]| = 1. Define

C(Q) = (@) = {x e B x| <1, [x ul < o} (@2 1)



Schmidt and Summerer theory (2009, 2013)

Let u € R” with Euclidean norm |ju]| = 1. Define

C(Q) = (@) = {x e B x| <1, [x ul < o} (@2 1)

Li(q) = Lu,i(q) = log Ai(Cu(e%)) (q=0, 1<i<n)



Schmidt and Summerer theory (2009, 2013)

Let u € R” with Euclidean norm |ju]| = 1. Define

C(Q) = (@) = {x e B x| <1, [x ul < o} (@2 1)

Li(q) = Lu,i(q) = log Ai(Cu(e)) (¢ 20, 1 <i<n)

Classical exponents of approximation can be expressed in terms of

L; : L; .
¢.(u) :=liminf (g) and  @;(u) := limsup (9) i=1,.

j g0 g g—+00 q

coyn.



Schmidt and Summerer theory (2009, 2013)

Let u € R” with Euclidean norm |ju]| = 1. Define

C(Q) = (@) = {x e B x| <1, [x ul < o} (@2 1)

Li(q) = Lu,i(q) = log Ai(Cu(e)) (¢ 20, 1 <i<n)

Classical exponents of approximation can be expressed in terms of

L; : L; .
¢.(u) :=liminf (g) and  @;(u) := limsup (9) i=1,.

i G—00 q g—+00 q

coyn.

Using their theory, they recover
@ Jarnik's and Khintchine's transference principles,
@ their refinements by Bugeaud, Laurent and Schmidt,

@ constraints by Laurent (2009) on the 4 main exponents when n = 3.
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Basic properties of Ly, ..., L, (Schmidt, 1982)

C(Q)={xeR"; x| <1, [x-ul < Q'}, Li(q) = log\;(C(e))

1) |Li(q) < -~ < La(q)]

This yields a map Ly: [0,00) — A,
g — (L(q).---, Ln(q))

where A, ={(a1,...,a,) € R"; - < ap}.

2) vol(C(Q) = Q! = HA,-(C(Q))X

= ZL )=q+0(1)

3) ‘Ll, ..., L, are continuous and monotone increasing
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The trajectory of a point
C(Q)={xeR"; x| <1, |x-u <@}

For each x € Z" \ {0}, we define
0 A(x, Q) :=min{A>0; xe€ AXC(Q)} = max{|x|, Q|x - ul}

o L(x,q) := log A(x, &%) = max {log |x]}, q + log - u[}

slope 1 L(x, q)

slope 0

log |||

0 —log|x - u|



The first minimum

L(x,q) = max{log x|/, + log [x - ul}
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= Li(q) = min{L(x,q); x€ Z"\ {0}} (g >0)
is continuous and piecewise linear with slopes 0 and 1
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4
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The main constraint (special case)

5) ’ Li(q) = La(q) at each g where L; changes slope from 1 to 0

Example: n =2, u=(3,2)/V/13

L

(0,1)
3
) {o(q (—1,2)
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The main constraint (general case)
o Write R” = U L (u)g where U = u*,
AR = AU LWH where WK = AK2U A (u)g,

cM(Q) = {a e AB”; ]l < 1, [projye(a)] < @'},

L) (q) = log (€ (e%)) 0§f§<D)

k
L$(q) = Li(@) + -+ + L() + 0(1)
is continuous and piecewise linear with slopes 0 and 1 on [0, c0),

at each g where Lgk) changes slope from 1 to 0, we have

Liy1(q) = Lk(q) + O(1),

because then L) (q) = L{(q) = L1(q) + - - + Li—1(q) + Liz1(q) + O(1).



An approximation of L,

Schmidt and Summerer transpose all conditions in terms of
L0(q) = La(q),
1P(q) = 11(q) + La(a) + O(1),

L{"(q) = L1(q) + -+ + La(q) + O(1) = g + O(1).
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An approximation of L,

Schmidt and Summerer transpose all conditions in terms of
1"(q) = La(a).
L(q) = Li(q) + La(q) + O(1),

L{"(q) = L1(q) + -+ + La(q) + O(1) = g + O(1).

LM (q) if k=1,
Define Py(q) == { L{(q)— L% D(q) if1<k<n-—1,
q-— Lgn_l)(q) if k=n,

and form the map P:[0,00) — R”
q +— (Pi(a), -, Pa(q))-

Then, P is an (n,~y)-system for some v > 0, according to the following

definition.

)




(n,y)-systems

Definition. An (n,~)-system is a map P = (P1,...,Pp): [0,00) — R”

which satisfies the following conditions.

(S1) Pi(q) < Pjra(@) +v (1<j<n 0<q).

(52) Pi(q) < Pi(g2) +7v (1<j<n0<q <)

(S3) For j=1,...,n, the function M; := Py +--- 4+ P;: [0,00) = R is
continuous and piecewise linear with slopes 0 and 1.

(54) Ma(q) =q (0 <q).

(S5) If, for j € {1,...,n— 1}, the function M; changes slope from 1 to 0
at a point g > 0, then Pj1(q) < Pi(q) + 7.
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Definition. An (n,~)-system is a map P = (P1,...,Pp): [0,00) — R”

which satisfies the following conditions.

(S1) Pi(q) < Pjra(@) +v (1<j<n 0<q).

(52) Pi(q) < Pi(g2) +7v (1<j<n0<q <)

(S3) Forj=1,...,n, the function M; :== Py +---+ Pj: [0,00) = R is
continuous and piecewise linear with slopes 0 and 1.

(54) Ma(q) =q (0 <q).

(S5) If, for j € {1,...,n— 1}, the function M; changes slope from 1 to 0
at a point g > 0, then Pj1(q) < Pi(q) + 7.

(S3) and (S4) = P; and P, have slopes 0 and 1
P>,...,P,_1 have slopes —1, 0 and 1



The theorem of Schmidt and Summerer

Theorem (Schmidt-Summerer, 2013)

Let u € R" with ||u|| = 1. There exist v > 0 and an (n,y)-system
P: [0,00) — R" such that

IP(q) — Lu(q)||cc < for each g > 0.

The authors use a different but equivalent setting.



|deal case
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Ideal case

Definition. An n-system is a map P = (P1,..., Pn): [qo,0) — R"” which
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Ideal case

Definition. An n-system is a map P = (P1,..., Pn): [qo,0) — R"” which
satisfies the following conditions.

(1) Pi(q) <+~ < Pa(q) (90 <q)

2) Py, ..

3

(2) , Py are continuous and piecewise linear with slopes 0 and 1
(3) J—P1+ -4 Pj has slopes 0 and 1 (1 <j < n)

(4) [Ma(q) = Pi(q) + ---+Pn(q):q\ (90 < q).
(5)

5) If, for j € {1,...,n— 1}, the function M; changes slope from 1 to 0
at a point g > qo, then Pj11(q) = P;(q).

@ A switch number of P is gg or any point g > qg at which at least one
of the functions My, ..., M,_1 changes slope from 0 to 1.




Ideal case

Definition. An n-system is a map P = (P1,..., Pn): [qo,0) — R"” which
satisfies the following conditions.

(1) Pi(q) << Pu(q) (q0<7q)

(2) P1,..., P, are continuous and piecewise linear with slopes 0 and 1
(3) M; —P1+ -4 Pj has slopes 0 and 1 (1 <j < n)

(4) [ Mn(q) = Pi(q) + ---+Pn<q):q\ (90 < 9)-

(5) If, for j € {1,...,n—1}, the function M; changes slope from 1 to 0

at a point g > qo, then Pj11(q) = P;(q).

@ A switch number of P is gg or any point g > qg at which at least one
of the functions My, ..., M,_1 changes slope from 0 to 1.
@ Let 9 > 0. We say that P is rigid with mesh § if, at each switch

number g, the coordinates of P(q) form a strictly increasing sequence
of positive integer multiples of §.




The combined graph of a rigid system
Suppose that P = (Py,..., P,) is a rigid system with mesh ¢ on [qgo, o)
and let go < g1 < ... be its switch numbers.

On a neighborhood of [g;_1, g;] with i > 1, the union of the graphs of
P1,..., P, has the following shape
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Construction of a rigid 5-system
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Construction of a rigid 5-system
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Construction of a rigid 5-system
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Canvases (formal definition)

A rigid system of mesh ¢ is equivalent to the following data, which we call
a canevas:

@ an element s € {1,2,3,...} U {oo},
o for each index i with 0 </ < s, a pair of integers k; and ¢; with
1<ki<¥;<n

o for each index i with 1 </ < s, a point al) = (agi), e af,i)) whose
coordinates form a strictly increasing sequence of positive multiples of
& with

(DA = @)

and ag) > ag(':ll).



Canvases (formal definition)

A rigid system of mesh ¢ is equivalent to the following data, which we call
a canevas:

@ an element s € {1,2,3,...} U {oo},
o for each index i with 0 </ < s, a pair of integers k; and ¢; with
1<ki<¥;<n

o for each index i with 1 </ < s, a point al) = (agi), e af,i)) whose
coordinates form a strictly increasing sequence of positive multiples of
& with

(DA = @)

and ag) > ag(':ll).

Just set . ]
gi=a+...4+aY) (0<i<s)

and connect each (gj_1, aJ(-i_l)) with the appropriate (g;, ag)).
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[11: Main results

A combinatorial argument shows:

Theorem A (2015)

Fix~,8 > 0, and let P: [0,00) — R" be an (n,7)-system. There exists a
rigid system P [qo, 00) — R" with mesh 0 such that P — P is bounded.




[11: Main results

A combinatorial argument shows:

Theorem A (2015)

Fix~,8 > 0, and let P: [0,00) — R" be an (n,~)-system. There exists a
rigid system P [qo, 00) — R" with mesh 0 such that P — P is bounded.

In view of the theorem of Schmidt and Summerer, this gives:

Corollary

Let u € R" with ||u|| = 1. For each 6 > 0 there exists a rigid system
P: [qo0,00) — R" with mesh ¢ such that P — L, is bounded.
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Towards the converse

Let P: [go,00) — R” be a rigid system with mesh where

e = 2"log(n) | Consider its associated sequences
(@Mocics,  (kiosics, (€io<ics and  (qi)o<ics.

Theorem B (2015)
Suppose that there exists a unit vector u € R" such that

sup [|P(q) — Lu(9)]|c < e
q=>qo

Then, for each i with 0 < | < s, there exist x( ) .. ( ) € Z" such that
e 0< Iog]det(xg),...,xn )| < 2ne,

° (x(li_l), .. ,x%:ll), .. 7xg,'._l)) = (xgi), .. ,xg), . 7xg,'.)) ifi>1,
@ above each q € [qi, gi+1), the trajectories ofx( ) .. xg,) are at
distance at most € from P(q).
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The converse

Theorem C (2015)

For each sufficiently large 6 > 0 and each rigid system P: [qp,o0) — R”
with mesh §, there exists a unit vector u € R" such that P — Ly, is
bounded.

Proof: We need construct appropriate n-tuples (x(li), .. ()) for the
given canvas, but we don't know u. ..

We proceed recursively:
@ We choose each (xgi), ... ,xg)) to be a basis of Z",

() () x()

@ making x; 7, .. S Xp s Xn “almost orthogonal” of the right norms.

We take u to be the limit of the unit vectors perpendicular to the spaces
spanned by the latter (n — 1)-tuples.
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I\V: Applications
Endow R" with the component-wise ordering:

(a1,...,an) < (b1,...,bp) < a;<bjfori=1,...,n.

Let T:-R" — RM be a linear map.
x — (T1(x),..., Tm(x))

@ For each non-zero u € R”, define

p1(Ly) = liminf g7 T(Lu(q))

g—00
= <Iim inf T1(¢7'Lu(q)), ..., liminf Tm(q_lLu(q))) .
q—00 g—00

@ The spectrum of T is

{p7(Ly); u € R" has Q-linearly independent coordinates}




Example

Define T: R" — R2" by T(a) = (a, —a).

For a nonzero u € R", we have

g ey 3 P

q q q ’

= (<_pl(u), e g_on(u), —@1(u), ..., —@n(u)>

g—00

p1(Ly) = liminf <Lu,1(q) ) Lu.n(q) _Luvl(q) Lu,n(‘?))

So the spectrum of T is the same as that of (g_ol, .




Some known spectra

o (g, ?,): Khintchine (1926,1928), Jarnik (1935, 1936)

° (P1.¢,): Jarnik (1938), German (2012),
Schmidt and Summerer (2016), Marnat (> 2017)

° (c_pl,sﬁl, 93,353) for n = 3: Laurent (2009)
® (¢,,....%, ;) Schmidt (1967), Laurent (2009), Roy (2016)

where

. (u) =liminf g~ (Lu1(q) + -+ Lui(q)) (1<i<n-—1).

= g—00
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Link with parametric geometry of numbers

Let T: R" — R™ be a linear map.

Choose a nonzero u € R” and an n-system P = (P4, .

.., Pp) such that
L, — P is bounded.

@ u has Q-linearly independent coordinates <= P; is unbounded.

Such an n-system P is said to be proper.

o u7(Ly) = liminf g~ T(Lu(g)) = liminf g~ * T(P(q)) =: u7(P).

q—00 q—00
Therefore the spectrum of T is also given by

{ur(P); P is a proper n-system}
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and (y1,...,¥m) belong to the spectrum of T, then

(min(x1,y1), - - -, min(Xm, Ym))
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Main result

Let T: R" — R™ be a linear map. Then
@ The set

{ur(P); P is a proper n-system with q P(q) periodic }

is dense in the spectrum of T.
@ The spectrum of T is a compact connected subset of R™.

o If n =3, then the spectrum of T is a semi-algebraic subset of R™.
Moreover, it is closed under componentwise minimum: if (xi, ..., Xm)
and (y1,...,¥m) belong to the spectrum of T, then

(min(x1,y1), - - -, min(Xm, Ym))

also belong to that spectrum.

Application: Computation of the spectrum of (a_pl, P1, Pos P21 P ?3)
when n = 3.



Basic pattern for the combined graph of a 3-system
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Corresponding pattern for the image of g — qflP(q)




