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Part I: A first observation

iz e forall z € C,
i K o for all z € C, with |z|, < p~%/(P~1),

e Euler (1748):
e=[2(L2n 1)) =[21.211,41,. ] =24 ———
S T -
© Similar continued fraction expansions for e” with r € Q \ {0}
when r = % for some m e Z \ {0}  (Euler, Sundman, Hurwitz)

i.e. whenever e” makes sense only in R.

o No observed pattern otherwise... Why?



A further question

p’ - _loglog(4q)

=12,(1,2n,1)% ‘ - - 1842 loe(4a)
[ ] [a( y &1, )n_l] = |€ gl — 18q2log(4q)

(Bundshuh, 1971)

@ Numerical experiments yield

‘e3 — B‘ >
gl 3¢ log(q) loglog(q)

o Let r € Q. Does there exist a constant g such that

, p‘ S 1 .
— —| > ———— when q is large enough?
ql = q*log(q)¢




Interlude : The adelic Minkowski's convex body theorem

Let K be a number field, and let d = [K : Q).

A place v of K comes
@ either from an embedding o: K — C (case v|oco) — then set
> x|y = lo(x)] (x € K),
» d, =[K, Rl =1or2,
> u, = Lebesgue measure on K,
e or from an embedding o: K — C,, (case v|p) — then set
> Ixly = [o(x)]p (x € K),
d, = [Kv : Qp]v
0, = {X €K, |X‘v < 1}.
wy = Haar measure on K, with 4,(0,) = 1.

v

v

v

The field K embeds diagonally in Ky = H(, K, as a discrete subgroup with
finite covolume with respect to 1 =[], pv.



An adelic convex body of K* is a product C = HCV C K3} such that
v
(i) when v | 0o, then C, is a compact convex neighborhood of 0 in K
such that aC, = C, for any « € K, with |a|, = 1;

(i) if v { oo, then C, is a finitely generated (thus free) sub-O,-module of
K of rank s;

(iii) C, = O for all but finitely many places v of K with v { cc.

Its i-th minimum A;(C) is the smallest A > 0 such that

AC = H AC, Hcv

v|oo vioo

contains at least i linearly independent elements of K*.

Theorem (McFeat 1971, Bombieri and Vaaler 1983, Thunder 2002)
(0)! - A(0)u(C) = 1.




Example

Take K =Q and C = Coo x [ [ Z,
P

* 1(C) = proo(Coo),

e Given x € Q°, we find

x €N =Noo x [[Z) = x€ X andxe()Z)=2°
P P

Thus \;j(C) = standard i-th minimum of C, with respect to Z°.

e We recover the usual Minkowski's theorem:

A1(Coo) - As(Coo)ptoo (Coc) = 1.



Part Il : Hermite's approximations

o Hermite (1873): e ¢ Q
e Lindemann (1882): 7 ¢ Q

e Lindemann-Weierstrass theorem (Weierstrass, 1885):

If a,...,as € Q are distinct, then €™, ..., e% are linearly independent
over Q.
Reformulation: Let K C C be a number field and let as,...,as € K be
distinct. Then e, ..., e% are linearly independent over K.
Proof:

@ Choose a linear combination of e“t, ..., e% over K.

@ Take the product of its conjugates over Q.

@ Apply Hermite approximations to the exponential values.



Hermite's construction

Fix:
@ K a number field,
® a1,...,as € K distinct,
o n=(ny,...,ns) € 2.
Set:

o fn(z) =(z—a1)™ - (z—as)™ € K[z],
N

e Pu(z) = Z fn(k)(z) where N =3 n, = deg(fa),
k=0
@ an = (Pa(a1),...,Pn(as)) € K5,

Then a, is a “good approximation” to (e®,...,e%).




Rough estimates

N )

Recall that K C C and Py(z) = Z f,.(k)(z) = Z f,,(k)(z), so

k=0 k=0

d

—(Pa(2)e7%) = (Pa(2) = Pul2)e " =

o Pn(a,-)e_o"' — Pn(aj)e_af

where R = max |a; — aj.

o0

o Pn(a,-)

o

) Pn(Oé,‘) S (n,-!)OK if aq, ..

fa(z)e ?dz

< N!

L as € Ok.




A non-zero determinant

Let e; =(1,0,...,0),...es =(0,...,0,1).

Theorem (Mahler (1931))
Suppose that n = (ny,...,ns) € Z34. Then an_e,,.-.,an—e, € K*are

linearly independent with

S

A, =det(an—e;s - -5 3n—e,) = H (nj —1)! H(O‘i — )™ | #0.

i=1 ki

Main result (outline)

We construct a natural adelic convex body in terms of the values of e®~%
in all completions K, of K where they make sense, and show that the
points an—_e, ;- - -, dn—e, realize its successive minima up to a factor NO@).

v




Archimedean components

For each v | oo associated to an embedding o: K <— C, define
R, = max|a; — «j|, and

x|, < ef(N —1)!
Cav:

)
—a;

o(aj)
/( ) fn‘iek(z)e"("f)_zdz

|xje® ™% — xi|, < max

1<k<s

Then an_eys--->an_e, € Cny and py(Cay) = N9 |A,[9.




Ultrametric components

Let v|p. If |oj — o], # 1 for at least one choice of i # j define

Ixi]y < PN H max{]a, — aklv, p 1/(p— 1)}
1<k<s
Cnv:

xie® ™ —xil, <O PN T max {Jai — axlv, laj — auly }™
1<k<s

(*) whenever 0 < |aj — a;|, < p~¥/(P71). Otherwise set

Cny = (m —1)IO0, x --- x (ns — 1)10,.

Then an_e;;- - an—e, € Cny and p1y(Cny) = NOW|AL|d.

More precisely, we have 1, (Cn,v) = |An|% in the second case.




Main result
Set Cn =[], Cn,v. Then,
(i) @n—eys---»an—e, € Cn:
(i) p(Ca) = NOO),
(iii) Xi(Cn) = NOD) for i=1,...,s.

Proof.
(i) is clear,
(i) 1(Cn) =TI, v (Cav) = NOOTT, | An|d = NOO),

(iii) We have A\1(Cn) < -+ < As(C) <1 and, by the adelic Minkowski's
theorem, [T5_; M\i(Cn)9 < p(Cq)~t = NOQ). 0

v




Corollary 1. Suppose that K = Q or that K is imaginary quadratic, and
that a € K has |a|, > p~1/(P=1) whenever v | p. Then, there exists ¢ > 0

such that
x| |xe* — y| > (log [x])~¢

for each x,y € Ok with |x| large enough.

Examples:
e K=Q(v/-2) and a = 2(1 £ v/=2)/m with m € O \ {0},
o K=Q(v/—23) and a = (1 ++/—-23)/(2m) with m € Ok \ {0}.



Corollary 2. The convex body Cs, of R? defined by

, _ (31
[xe* —ylv < (5) nl3n/2

has minima n®®) with respect to the lattice

A={(x,y) € 2%; [xe* — yls <37} .

= |x||xe® —y| > |x|7¢/'eloe x| for all x,y € Z with |x]| large enough.

Conjecture. There exists a constant ¢ > 0 such that
[Xloo [x€® = yloo [X[3 [x€® = y[3 > (log |x|) 7

for all x,y € Z with |x| large enough.




Part Ill: Paths of steepest descent
Fix a1,...,as € C distinct. Set
f2)=(z—a1))™ - (z—as)™

with n1,...,ns € Z~y.

/ ’ f(z)e *dz

e Choose a path v: [0,1] — C such that v(0) = «j, ¥(1) = aj. Then

/ ’ f(z)e ?dz

i

Problem: Estimate from above.

< L(7) - |max|f|| - max|e ?|.
v gl

T T

(length)  want this as small as possible



e Consider the level curves |f| = r as r increases.

Example : f(z) = z(z — 1)*(z — (1 +)/2)

(s=3)

e They meet at zeros

of f'(z)/f(z).

e Goal: Compose
paths of steepest de-
scent for |f| from
those points



Parametrization
Fix 3 in the convex hull K of A= {a1,...,as}.

A path of steepest descent for |f| from § ends in a root o € A of f.

(i) It can be parametrized (at reverse) by a continuous piece-wise
differentiable function ~: [0,1] — C such that 4(0) = «, (1) = 8 and

f(y(t)) = tF(B) (0<t<1).

Proof. The map f: C — C is conformal outside on the set of roots of f’
and maps level curves of |f]| to circles centered at 0.

/‘Lb j § ;k%\

%




(ii)

1[01) K

Proof. Since f(v(t)) = tf(5), we have

f(5) (¢

O = Fomy T wi

)
1)

The path does not come back to K.




(i) |  L(y) < 7NR where N = Z n; = deg(f) and R = max|q;l.

Proof. Cauchy-Crofton formula gives:

L(y) = /%de/ N(r,0)d.

R R
where N(r,0) = #{t € [0,1]; v(t) € D, g} N
and  D,g={(r+iu)e; ueR}.
Since f(y(t))/f(8) =t € R for t € [0, 1], we find
f((r+iu)e™) }
N(r,0) < ueR; Im—————— =0, <N
o< )
except for at most N angles 6 € [0, 27).
Problem: Is £(~) bounded from above independently of (ni,...,ns)?

(I can show: L(v) < 7wsR if a € OK.)



A tree of paths
Write

fl(z) = N(z = a)" 1o (2 = )™z = B1)™ - (2 = Bp)™
Then > my = s —1 and we have

B:={p1,....0p} CK by Gauss-Lucas theorem.

A tree is a connected graph with no cycle

0

ledges| = |vertices| — 1



Theorem

There is a tree such that

(i) its vertices are as,. .., as,

(i)

(iii) there are my edges labelled by By for k =1,...,p,

(iv) if an edge {«j, o} is labelled by [, there is a path v: [0,1] — C of
length at most 2wRN, contained in IC, such that v(0) = «;,
v(1/2) = B, ¥(1) = o and

max [f(y(t))] = [F(Be)l-

0<t<1

each edge is labelled by By for some k =1,...,p,

< (27NR) |f(Bk)|eR.

/ ’ f(z)e *dz




Examples

5
The tree for z +2z+2i—1.

5 3
The tree for z +iz —1.4+0.7i.

5
The tree for z +2iz+2i—1.

5 2
The tree for z +2iz +2i—1.



Thank you! i



